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Abstract. Cyclic variations are observed in the solar differential rotation profile. The 11 year periodicity of these zonal shear
flows (often referred to as “torsional oscillations”) is consistent with the idea that they are driven by the Lorentz forces that
are associated with the large-scale solar dynamo. This suggests that these flows may be able to provide indirect observational
evidence that can be used to constrain solar dynamo models. This possibility is investigated by considering a simplified mean-
field dynamo model which incorporates the feedback of the large-scale magnetic field upon the imposed velocity field. By
specifying an unperturbed flow which mimics the solar differential rotation, it is shown that it is possible to reproduce most
of the main qualitative features of the solar dynamo as well as a solar-like pattern of zonal shear flows. The apparent success
of this model has led to the investigation of several more subtle aspects of the problem, including the effects of stratification
and long-term modulation as well as the possible implications of the zonal shear flows that are observed at high latitudes.
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1. Introduction
Many observational aspects of the solar magnetic cycle are
now well known (see, for example, Stix 2002). The recurrent
patterns of active region emergence indicate a 22 year mag-
netic cycle, with an underlying large-scale field that appears
to be confined to low latitudes. The observed zonal shear
flows (the so-called “torsional oscillations”) may also be able
to provide us with valuable information regarding the solar
cycle. These flows were first detected as regions of faster and
slower than average surface rotation, which migrate from mid
to low latitudes over a time-scale of approximately 11 years
(Howard & LaBonte 1980) – a pattern of motion that is strik-
ingly similar to the sunspot cycle. The 11 year periodicity
is consistent with the idea that these zonal flows are driven
by the Lorentz forces that are associated with the large-scale
magnetic field (Schu¨ssler 1981; Yoshimura 1981), although
there are alternative explanations (Spruit 2003). Recent he-
lioseismological studies (see, for example, Vorontsov et al.
2002) have demonstrated that the zonal shear flows that are
observed at the surface penetrate almost to the base of the
convection zone, although the greatest variations in angular
velocity do seem to occur near the surface. The observations
also show that, in addition to the equatorwards-propagating
low-latitude oscillations, there are also strong zonal shear
flows at high latitudes, which migrate polewards during each
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11 year cycle (Vorontsov et al. 2002). It is clearly important
to establish what, if anything, these flows can tell us about
the underlying large-scale magnetic field and the associated
dynamo that is responsible for its regeneration.
Mean-field dynamo theory (for a recent review, see Os-
sendrijver 2003), has played a major role in enhancing our
understanding of the solar dynamo. Now that helioseismol-
ogy has revealed the internal differential rotation profile of
the Sun (Schou et al. 1998), it has become possible to carry
out mean-field simulations in realistic geometries with a
solar-like rotation law (see, for example, Markiel & Thomas
1999). A very natural way to represent the non-linear feed-
back of the magnetic field upon the flow is to allow the dif-
ferential rotation to be perturbed by the Lorentz forces that
are associated with the mean field (Malkus & Proctor 1975).
This effect has been incorporated into numerous mean-field
models, both in Cartesian geometry (see, for example, To-
bias 1997) and in spherical geometry (Ku¨ker, Arlt & Ru¨diger
1999, Covas et al. 2000, Moss & Brooke 2000), and has been
shown to give rise to a solar-like pattern of zonal shear flows
(Covas et al. 2000). Pipin (1999) has shown that the small-
scale Maxwell stresses within the turbulent convection zone
could also, in principle, give rise to “torsional oscillations”.
However if the dynamo operates primarily around the inter-
face between the lower part of the convection zone and the re-
gion of convective overshoot (Parker 1993), then the Lorentz
forces that are associated with the mean-field are probably
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2 THE DYNAMO MODEL
the more likely driving mechanism. This paper describes a
spherical mean-field model, which incorporates the feedback
of the mean-field upon a solar-like differential rotation pro-
file. This dynamo model is much more “interface-like” than
the model of Covas et al. (2000), which will imply a very
different radial distribution for the resulting magnetic fields
and zonal shear flows. Further properties of this model are
described in Bushby (2003)1, where more details can also be
found.
2. The dynamo model
This model is based upon the well-known mean-field equa-
tion (see, for example, Moffatt 1978),
∂B
∂t
= ∇× (αB+ u×B− η∇×B) . (1)
Here, B and u represent the mean magnetic and velocity
fields (respectively), η is the turbulent magnetic diffusiv-
ity and the ∇ × (αB) term corresponds to the mean-field
α-effect. This equation is solved numerically in a full ax-
isymmetric spherical shell, with 0.6 ≤ r/R⊙ ≤ 1.0 and
0 ≤ θ ≤ pi (referred to standard spherical polar coordinates).
In what follows, all length-scales are expressed in units of
solar radii. The radial extent of the shell is chosen so as to
include the region of convective overshoot as well as the con-
vection zone, the base of which is taken to be at r = 0.7.
The decomposition of the magnetic field into its toroidal
and poloidal parts,
B = ∇× (Aeφ) +Beφ, (2)
ensures that the field remains solenoidal. Substituting this
expression into equation (1) yields two evolution equations
for the scalars A and B. Formally, the α-effect appears in
both equations, however here we neglect the “α-term” in the
B equation (the so-called αω approximation), which cor-
responds to the assumption that the differential rotation is
strong enough that it is the dominant toroidal field regener-
ation mechanism.
The velocity field in this model is assumed to be purely
azimuthal, which means that any meridional flows (the de-
tails of which are poorly known within the solar interior) have
been neglected. So, we take
u =
[
ΩoΩˆ(r, θ)r sin θ + v(r, θ, t)
]
eφ. (3)
The first term on the right hand side of equation (3) repre-
sents a prescribed analytic fit to the solar differential rotation
profile. The precise functional fit that is used here is shown in
Fig. 1 and is very similar to that described by Dikpati & Char-
bonneau (1999) – see Bushby (2003) for more details. The
other contribution to the flow comes from a magnetically-
driven perturbation, v(r, θ, t)eφ, whose evolution is governed
solely by the magnetic and viscous effects:
ρ
∂v
∂t
=
1
µo
[(∇×B)×B]φ +
1
r3
∂
∂r
[
νρr4
∂
∂r
(v
r
)]
(4)
+
1
r2 sin2 θ
∂
∂θ
[
νρ sin3 θ
∂
∂θ
( v
sin θ
)]
.
1 Available online at http://www.damtp.cam.ac.uk/user/pjb40
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Fig. 1. Contours of constant angular velocity for an analytic fit to
the solar differential rotation profile. The thin tachocline region is
centred at r = 0.7.
In this velocity perturbation equation, µo is the permeability
of free space, ν is the effective viscosity, and ρ represents the
fluid density (which is initially taken to be constant).
Turbulent motions should enhance the effective magnetic
diffusion within the convection zone – this can be represented
in a simple way by choosing the following smoothly-varying,
spherically symmetric profile for η:
η(r) =
(
ηt − ηc
2
)[
1.0 + erf
(
r − 0.7
0.025
)]
+ ηc. (5)
Here, erf is the standard error function and ηt represents the
peak diffusivity within the convection zone. The ratio of ηc
(the minimum diffusivity within the overshoot region) to ηt
is taken to be 0.01, which leads to a significant diffusivity
contrast at the base of the convection zone. The results are
qualitatively insensitive to variations in this ratio. The turbu-
lent enhancement of the viscosity is represented by assuming
that ν(r) = τη(r), where the constant of proportionality, τ , is
the magnetic Prandtl number. The α-effect is taken to be con-
fined to the region around the base of the convection zone –
this is easiest to justify if α is driven by a tachocline-based in-
stability (such as magnetic buoyancy). In order to reproduce
solar-like behaviour, the α-effect must also be suppressed at
high latitudes. The following profile is used:
α(r, θ) = αo cos θ sin
4 θexp
[
−
(
r − 0.71
0.025
)2]
. (6)
Finally, some boundary conditions are required for this
model. At the poles we take A = B = v = 0, which satisfies
the requirement that the angular momentum perturbation and
the radial components of the current and magnetic field must
remain finite. At the inner radius of the domain (r = 0.6),
we also take A = B = v = 0. These rather idealised bound-
ary conditions essentially imply a field-free core and reflect
the fact that we would not expect the dynamo-generated mag-
netic fields (or the associated velocity perturbation) to pene-
trate appreciably into the low diffusivity region. At the outer
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Fig. 2. Contours of toroidal field at the base of the convection zone
(r = 0.7), for D = −2.5 × 106 and τ = 1.0, as a function of lat-
itude and time. Solid lines represent positive contours, dashed lines
represent negative contours.
surface, B is mapped smoothly onto a potential field and a
stress-free condition is applied to v. When these equations
are non-dimensionalised (for full details, see Bushby 2003),
the system can be described by two non-dimensional param-
eters: the magnetic Prandtl number, τ , and the dynamo num-
ber, D = αoΩoR3⊙/η2t .
3. Numerical results
These equations are solved numerically on a uniform grid us-
ing a 2nd order Adams-Bashforth time-stepping technique.
Attention is restricted to negative values of the dynamo num-
ber (equivalently, negative values of α in the northern hemi-
sphere), in order to ensure that the direction of propagation of
dynamo activity is equatorwards at low latitudes. The mag-
netic Prandtl number is initially held fixed at τ = 1.0.
A value of D = −2.5× 106 corresponds to a value of the
dynamo number that is roughly twice the critical value for dy-
namo action. Fig. 2 shows contours of constant toroidal mag-
netic field, at the base of the convection zone, plotted against
latitude and time. In this solution, there is a strong low-
latitude branch of activity which propagates equatorwards
during each cycle. This branch would presumably give rise
to a solar-like pattern of active region emergence. In addi-
tion, there is a weaker polewards-propagating branch at high
latitudes.
The associated velocity perturbation, v, is made up of a
steady component and a weaker oscillatory component. In
terms of angular frequencies, the deviation from the unper-
turbed rotation profile is never more than a few percent of
the mean (unperturbed) rotational frequency. Fig. 3 shows
the oscillatory part of the angular velocity perturbation – as
expected, the period of oscillation is half that of the mag-
netic cycle period. In order to obtain this plot, a spatially-
dependent time-average has been subtracted from the total
angular velocity perturbation. This double-branched structure
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Fig. 3. The oscillatory part of the magnetically-driven angular veloc-
ity perturbation, at the base of the convection zone, for the solution
shown in Fig. 2.
closely follows that of the magnetic cycle and clearly resem-
bles the latitudinal distribution of the observed zonal shear
flows on the Sun (Vorontsov et al. 2002).
The presence of zonal shear flows at high latitudes seems
to imply that there must be a polar branch to the solar dy-
namo, despite active regions never emerging at high latitudes
at the solar photosphere. A possible explanation for this cen-
tres around the magnetic buoyancy instability. Recent work
by Tobias & Hughes (2004) suggests that velocity shear tends
to suppress non-axisymmetric magnetic buoyancy instabili-
ties in a magnetic layer. Therefore, the strong radial shear at
high latitudes in the tachocline (see Fig. 1) may “hide” any
dynamo action in that region by inhibiting the formation of
buoyant loops of magnetic flux.
A dynamo which has either purely dipolar or purely
quadrupolar parity will drive an angular velocity perturbation
that is symmetric about the equator. The equatorial asymme-
try of the oscillations shown in Fig. 3 indicates that this so-
lution is actually of mixed parity. Parity selection in the non-
linear regime is a subtle aspect of mean-field dynamo models
of this form, and the relative importance of the various possi-
ble non-linear quenching mechanisms remains uncertain. In
fact, it is possible to produce a double-branched dipolar so-
lution simply by adding α-quenching to the system. A more
difficult problem to solve, and one which seems to be typical
of dynamo models of this form (see, for example Ru¨diger &
Brandenburg 1995), is the fact that there is significant over-
lap between successive simulated magnetic cycles – some-
thing that is not really observed in the solar cycle. Given that
mean-field theory can only provide a qualitative picture of
the behaviour of the solar dynamo, we should not expect to
get detailed agreement with observations. This level of over-
lap may just be a consequence of some of the simplifying
assumptions that have been made in this model (for example,
we have made the assumption that the turbulent magnetic dif-
fusivity is isotropic).
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Fig. 4. The effects of stratification upon the oscillatory part of the
magnetically-driven angular velocity perturbation. These plots show
the spatial dependence of these oscillations as the level of stratifica-
tion is increased fromm = 0.5 tom = 6.0. The dynamo parameters
are D = −2.5× 106 and τ = 1.0.
Decreasing τ from unity introduces a separation in scales
between the viscous and the magnetic diffusion times. The
low τ regime is discussed in more detail in Bushby (2003),
but it is worth briefly summarising some of the main results
here. As has been found in previous models of this type (To-
bias 1997; Moss & Brooke 2000), smaller values of τ lead to
time-dependent behaviour, with recurrent phases of reduced
magnetic activity. In the highly modulated regime, a care-
ful time-averaging procedure is required in order to distin-
guish the oscillatory signal from longer time-scale variations
in the total velocity perturbation. Contrary to the findings of
Brooke, Moss & Phillips (2002), who used a different time-
averaging procedure to the one used here, it is found that a
solar-like pattern of zonal shear flows persists well into the
low τ regime.
The oscillatory part of the angular velocity perturbation
is (like the associated magnetic fields) confined to the re-
gion around the base of the convection zone, with a peak
angular frequency that is approximately 1% of the mean ro-
tational frequency. This is inconsistent with solar observa-
tions. In the Sun, the zonal shear flows are strongest at the
surface, although the radial phase lag of the observed oscil-
lations (Vorontsov et al. 20002) is certainly consistent with
the idea that the driving of these flows is taking place some-
where below the surface. Density stratification could solve
this problem, because only a relatively weak angular momen-
tum perturbation would be needed to drive significant oscil-
lations at the solar surface. Covas, Moss & Tavakol (2004)
have looked at the effects of density stratification for a model
in which the dynamo action is distributed throughout most of
the convection zone. Given that the results are clearly going
to depend upon the radial distribution of the dynamo, it is
worth examining the effects that density stratification might
have upon this interface-like dynamo model.
The effects of stratification have been examined by allow-
ing the density to vary as a function of r:
ρ(r) =
(
1
r
− 1 + δ
1
rc
− 1 + δ
)m
, (7)
where rc = 0.7 and δ = 0.02. Taking rc = 0.7 ensures that
the density distribution is normalised so that ρ(0.7) = 1.0.
A positive value of δ implies that the density profile, which
decreases radially outwards, remains non-zero throughout the
computational domain. Finally, m is a positive parameter –
increasingm corresponds to increasing the number of density
scale-heights within the convection zone. This model should
only be regarded as a “toy model”, but it should still illustrate
the potential effects of stratification.
Fig. 4 shows the spatial distribution (in the meridional
plane) of the oscillatory part of the angular velocity pertur-
bation, for various values of m, for D = −2.5 × 106 and
τ = 1.0. Oncem is increased beyond aboutm = 5.0, oscilla-
tions appear at the surface of the domain. The peak rotational
frequency that is associated with these oscillations is again
approximately 1% of the mean rotational frequency. Given
the qualitative nature of mean-field modelling, the strength
of these simulated zonal shear flows is certainly not inconsis-
tent with observations. It should be noted that the stratifica-
tion that is needed here in order to produce surface flows is
probably rather extreme compared to the stratification within
the solar convection zone. This may be a consequence of the
rather simplistic way in which this toy model deals with an-
gular momentum transport within the convection zone.
4. Conclusions
The observed zonal shear flows in the solar convection zone
have been investigated by studying a simple mean-field dy-
namo model which incorporates the feedback of the mean
magnetic field upon the differential rotation. It is highly prob-
able that mean-field theory contains most of the important
physical ideas, but it produces parameterised models that can
only provide a qualitative picture of the operation of the dy-
namo. Having said that, this approach does seem to be a
successful one and, in this model, it has been possible to
reproduce many of the main qualitative features of the so-
lar dynamo in addition to a solar-like pattern of zonal shear
flows. The zonal flows at high latitudes suggest that there may
be dynamo action at high latitudes in the Sun. The absence
of polar active regions could be explained by the suppres-
sion of non-axisymmetric magnetic buoyancy instabilities by
the strong radial shear at high latitudes within the tachocline
3
References References
(Tobias & Hughes 2004). Density stratification may enable
strong oscillations to occur at the surface, even if the dynamo
is operating around the base of the convection zone.
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